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We experimentally reveal the emergence of edge states in a photonic lattice with orbital bands.
We use a two-dimensional honeycomb lattice of coupled micropillars whose bulk spectrum shows
four gapless bands arising from the coupling of p-like photonic orbitals. We observe zero-energy
edge states whose topological origin is similar to that of conventional edge states in graphene.
Additionally, we report novel dispersive edge states that emerge not only in zigzag and bearded
terminations, but also in armchair edges. The observations are reproduced by tight-binding and
analytical calculations. Our work shows the potentiality of coupled micropillars in elucidating some
of the electronic properties of emergent 2D materials with orbital bands.
Boundary modes are a fundamental property of finite-
size crystals. They play an important role in the elec-
tronic transport and in the magnetic properties of low-
dimensional materials [1–4]. Their existence has long
been related to the microscopic details of the edge of the
crystal [5–7]. Recent advances in the study of topologi-
cal physics have revealed that, for topologically nontriv-
ial materials, the existence of surface states is directly
related to the properties of the bulk [8–10]. This is the
case of conduction electrons in graphene [11–13], in which
the nearest neighbor coupling of the cylindrically sym-
metric pz orbitals of the carbon atoms gives rise to two
bands (here labeled s-bands) crossing in an ungapped
spectrum (Dirac cones). The localized edge modes in
this system exist for any type of terminations except for
armchair [14, 15]. They are topologically protected by
the chiral symmetry of the honeycomb lattice, and their
existence can be predicted by calculating the winding
number of the bulk wavefunctions [11–13].
In 2007, Wu and co-workers proposed an orbital ver-
sion of graphene by considering a honeycomb lattice with
px,y orbitals in each lattice site [16, 17]. The strong spa-
tial anisotropy of the orbitals results in four ungapped
bands with distinct features: two bands showing Dirac
crossings and two flat bands, which were first reported ex-
perimentally in a polariton-based photonic simulator [18].
The interest in this kind of orbital Hamiltonians has
taken a new thrust due to the rapid emergence of 2D
materials [19], such as black phosphorus [20–22] and 2D
transition metal dichalcogenides [23], whose bands orig-
inate from spatially anisotropic atomic orbitals. Edge
states in MoS2 flakes have been observed [24], and re-
cent works aim at quantifying their impact in the trans-
port properties [25]. Edge states in orbital modes have
also been studied theoretically in connection to d-wave
superconductivity [11, 26] and spin-orbit coupling in su-
perlattices of nanocrystals [27], systems very hard to re-
alize experimentally with tuneable parameters. A pho-
tonic simulator of orbital bands, would open the door to
the study of the microscopic properties of orbital edge
states [28] and the connection to the topological proper-
ties of orbital bulk bands. In a more general framework,
it would provide a platform to simulate some aspects of
orbital bands which are essential in various topological
insulators with band inversion [29].
In this Letter we report the experimental observation
of edge states in the px,y orbital bands of a honeycomb
lattice made out of coupled micropillars etched in a pla-
nar microcavity. The advantage of this system over other
photonic simulators, such as coupled waveguides [30, 31]
or microwave resonators [32], is that the radiative emis-
sion of light from the micropillars provides direct optical
access to both the spatial distribution of the wavefunc-
tions and to the energy-momentum dispersions [33]. We
find two kinds of edge states: (i) zero-energy states in
the zigzag and bearded edges, with a topological origin
similar to that of edge states in conventional graphene;
(ii) a novel kind of dispersive edge states that emerge
not only in zigzag and bearded terminations, but also in
armchair edges. The origin of the zero-energy edge states
can be understood from the winding number of the bulk
Hamiltonian. We support experimental data with nu-
merical tight-binding calculations and provide analytical
expressions for the energy of the dispersive edge states.
To experimentally study orbital edge states in px,y
bands we employ the polaritonic honeycomb lattice
reported in [18, 34] and shown in Fig. 4(c). The
sample is a two-dimensional heterostructure made out
of a Ga0.05Al0.95As λ/2 cavity embedded in two
Ga0.05Al0.95As/Ga0.8Al0.2As Bragg mirrors with 28 (40)
top (bottom) pairs. Twelve GaAs quantum wells are in-
serted at the three central maxima of the electromagnetic
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FIG. 1. (a) Scanning electron microscope image of a single micropillar. The red lines sketch the position of the quantum wells
embedded in the cavity (depicted in green). (b) Momentum space spectra from a single micropillar showing confined s- and
p-modes. (c) Optical microscope photograph of the honeycomb lattice under study showing two types of edges. (d) Sketch
of the px,y orbital (blue and yellow, respectively) and their couplings along the link (tL) and perpendicular to it (tT ). (e)-(f)
Momentum space luminescence from the bulk (e) and the zigzag edge (f) for kx = 4pi/(3a). K and K’ mark the positions of the
Dirac cones. Yellow and black dashed lines surround photoluminescence from edge states. E0 = 1573 meV and tL = −1.1meV.
(g) Band structure obtained from a tight-binding calculation. Blue lines are bulk energy bands at kx = 4pi/(3a); red lines
correspond to edge states obtained for a nanoribbon with zigzag edges.
field confined in the heterostructure. After the molecular
beam epitaxy growth, the cavity is processed by electron
beam lithography and dry etching into a honeycomb lat-
tice of overlapping micropillars (diameter 3 µm, center-
to-center distance a = 2.4 µm). As shown in Fig. 4(c),
both zigzag and armchair terminations were fabricated.
In each micropillar [Fig. 4(a)] photons are confined in the
three dimensions of space, resulting in discrete energy
levels [Fig. 4(b)]. The lowest energy level is cylindrically
symmetric, similar to the pz orbitals in graphene. The
hopping of photons in these modes gives rise to the pi
and pi∗ bands of graphene, whose edge states have been
experimentally reported in the same structure [34]. The
first excited state is made of two antisymmetric modes,
px,y, oriented in orthogonal directions in the horizontal
plane, as sketched in Fig. 4(d).
The characterization of the bulk band structure is per-
formed by exciting the center of the lattice with a non-
resonant laser (740 nm), focused on a 4 µm diameter
excitation spot. We use a microscope objective both to
excite and to collect the emission. Figure 4(e) displays
the photoluminescence spectrum as a function of momen-
tum parallel to the vertical edge, ky, for kx = 4pi/(3a).
The dispersion shows four bulk bands corresponding to
the coupling of the px,y orbitals (the s-bands, lying at
lower energy, are not shown) [18]. The lowest band is
almost flat, while the two middle ones are strongly dis-
persive with two band crossings similar to those at the
K and K’ Dirac points in graphene s-bands. As shown
in Ref. [18] and as discussed below, the highest energy
band corresponds to a deformed flat band. The inhomo-
geneity in the emitted intensity is the consequence of: (i)
the energy relaxation efficiency and lifetime of photons in
different modes; (ii) an interference effect in the far-field
emission along certain high-symmetry directions [18, 35],
in excellent agreement with simulations [36].
To access the edge states we place the spot on the out-
ermost pillar of the zigzag edge. The measured disper-
sion is shown in Fig. 4(f). In addition to the bulk modes,
new bands are evidenced, marked with yellow and black
dashed lines in the figure. Those marked in yellow are
flat and show up at the center of both the first and adja-
cent Brillouin zones, at the energy of the Dirac crossings.
Those in black dashed lines lie between the bulk disper-
sive and flat bands and have a marked dispersive charac-
ter. These states are delocalized in momentum space, in
the direction perpendicular to the edge, appearing at the
very same energy for any value of kx (not shown here)
and, as we will see below, they are localized in real space
at the edges. This is different from the bulk bands in
Fig. 4(e), which change energy when probing different
values of kx and are delocalized in real space. Note that
the confinement of the outermost micropillars is differ-
ent for linear polarisations perpendicular and parallel to
the edge [34]. This effect may account for the observed
splitting in the lowest flat band and in the edge states
at around ky = ±1.5(2pi/(3
√
3a), black dashed lines in
Fig. 4(f).
The px,y orbital bands can be described by a tight-
binding Hamiltonian [17, 18]. If we assume that only the
hopping via orbitals projected along the links connecting
the micropillars is significant |tL|  |tT |, see Fig. 4(d),
the Hamiltonian in the ax, ay, bx, by basis, corresponding
to the px,y orbitals of the A and B sublattices, can be
written in momentum space in the following 4× 4 form:
Hˆp = −tL
(
02×2 Q†
Q 02×2
)
, with Q =
(
f1 g
g f2
)
, (1)
where f1 = 34 (e
ik·u1 + eik·u2), f2 = 1 + 14 (e
ik·u1 + eik·u2),
and g =
√
3
4 (e
ik·u1 − eik·u2), u1,2 are primitive vectors
and tL < 0, to account for the antisymmetric phase dis-
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FIG. 2. Calculated eigenmodes in the first Brillouin zone for
a nanoribbon as a function of the wave vector k‖ parallel to
the edges, with (a) zigzag (k‖ = ky), (b) bearded (k‖ = ky)
and (c) armchair (k‖ = kx) terminations. The blue curves
represent the bulk spectra for different values of the transverse
momentum k⊥. Red and green curves show the edge states.
For bearded edges, the inset shows the configuration of the
isolated py orbitals resulting in a pair of edge states spreading
over all k‖.
tribution of the p-orbitals. To later describe finite size
samples, we make a choice of unit cell dimer and primi-
tive vectors such that it allows the full reconstruction of
the lattice including its specific edges. We take the prim-
itive vectors as follows: u1 = a1, u2 = a1 − a2 for zigzag
edges, and u1 = a1, u2 = a2 for bearded and armchair,
given in terms of the reference vectors a1,2 defined in
Fig. 4(d); the corresponding unit cell dimers are detailed
in Ref. [36].
The diagonalization of Hamiltonian (9) gives rise to
two flat bands with energies ± 32 tL, and two dispersive
bands with energies ± 23 tL|detQ|, that is [16]:
± tL
2
√
3 + 2 cos(
√
3kya) + 4 cos(3kxa/2) cos(
√
3kya/2), (2)
To account for the edge bands experimentally reported in
Fig. 1(f) we compute the eigenmodes of Hamiltonian (1)
in a finite size sample. We consider a nanoribbon with
zigzag terminations on both edges and periodic bound-
ary conditions along the direction parallel to the edge.
The bulk modes, blue lines in Fig. 1(g), match the an-
alytic result [Eq. (10)] and are delocalized all over the
ribbon, while the red lines in Fig. 1(g) show edge states
whose wavefunction exponentially decays from the sur-
face towards the bulk. The spread in momentum and
the position in energy match quantitatively the experi-
mental observations, particularly for the modes at and
below the Dirac cones. In the experiment, the high en-
ergy part of the spectrum, including the bulk flat band,
is deformed due to the coupling to higher modes, and to
the nonzero value of tT , whose strength increases with
energy [18].
Tight-binding calculations for nanoribbons with
zigzag, bearded and armchair edges are shown in Fig. 6.
Two kinds of edge modes are visible: (i) bands of zero-
energy modes in the central gap, present in zigzag and
bearded edges, and (ii) dispersive modes in the upper and
lower gaps in all three types of edges, and in the middle
gap of the armchair termination.
We first analyze the zero-energy edge modes. They
remind strongly the edge modes in the pi and pi∗ bands
of regular graphene, whose existence can be related to
the winding number of the wavefunctions in momentum
space [11–13]. The Hamiltonian describing graphene (s-
bands) is a chiral 2× 2 Hamiltonian:
Hˆs = −ts
(
0 f∗s
fs 0
)
, (3)
with ts > 0 being the hopping amplitude for the s-
orbitals and the factor fs = 1 + eik·u1 + eik·u2 . The
unit cell vectors u1,2 contain the information about
the considered edge, as discussed above. The number
of zero-energy edge states is determined by the wind-
ing of the phase of the off-diagonal component (fs =
|fs| eiφ(k)) [11–13]:
W(k‖) = 1
2pi
∫
BZ
∂φ (k)
∂k⊥
dk⊥, (4)
where the one-dimensional integral over k⊥ is performed
along a loop around the Brillouin zone in a direction per-
pendicular to the considered edge.
This analysis can be extended to more general situ-
ations: the existence of zero-energy modes can be re-
lated to the winding properties of the Hamiltonian in
the following way. By fixing a value of k‖, the depen-
dence of Hamiltonian (1) on k⊥ can be regarded as a one-
dimensional model in the BDI (chiral orthogonal) class of
the classification of topological insulators introduced by
Schnyder et al. [10]. For this class, the number of pairs
of zero energy edge modes is given by the winding of the
phase φ obtained from fp ≡ detQ = |detQ| eiφ(k) [37].
Figure 6 shows the value of W (k‖) for the p-bands as a
function of momenta parallel to the edge k‖ for the three
type of edges considered here [36]. The winding num-
ber W (k‖) matches perfectly with the number of the
zero-energy modes calculated by diagonalization of the
Hamiltonian.
An interesting feature of Fig. 6 is that the re-
gions in momentum space where the zero-energy modes
are present in the zigzag edge (k‖ ∈ [−2pi/(3
√
3a),
2pi/(3
√
3a)]) are complementary to the regions in which
they are present in s-band graphene for the same kind of
edge (k‖ /∈ [−2pi/(3
√
3a), 2pi/(3
√
3a)]). A similar situa-
tion takes place for the bearded edges: in the p-bands,
pairs of edge modes appear in the region in k-space com-
plementary to the regions where they appear in the s-
bands. Additionally, for bearded terminations, the p-
bands show an extra pair of zero-energy edge modes
spread all over k‖. It arises from dangling py orbitals fully
localized in the outermost pillars, uncoupled to the bulk,
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FIG. 3. Real space emission from dispersive edge states in
an armchair termination. (a-c) Measured photoluminescence
when selecting the energies indicated with circles in Fig. 6(c).
(d-f) Corresponding tight-binding eigenfunctions. A hexago-
nal lattice is sketched on top of the data to mark the position
of the center of the micropillars.
as sketched in the inset of Fig. 6(b). This pair of states
adds to those discussed above, resulting in the four-fold
degeneracy in the lateral k regions. The armchair edge,
as in the s-band case, does not have any zero-energy edge
mode.
The complementarity in the position in momentum
space of zero-energy edge modes between s- and p-bands
can be understood by analyzing the symmetry of Hamil-
tonians (9) and (13), for the p- and the s-bands, respec-
tively. The expressions fp and fs, whose winding deter-
mines the existence of zero-energy edge modes, can be
related analytically:
fp (zigzag) =
3
4e
ik·(a1−a2)fs (bearded) (5)
fp (bearded) =
3
4e
ik·a2fs (zigzag) (6)
where fs/fp (zigzag/bearded) are written using the choice
of unit cell that corresponds to the zigzag/bearded
edge [13]. A consequence of Eq. (15) is that the winding
of the phase of fp (zigzag) is the same as of fs (bearded)
(the vector a1 − a2 is parallel to the edge, so the prefac-
tor of the right hand part of Eq. (15) gives no winding in
the orthogonal direction). A similar situation takes place
for Eq. (16): in addition to the exchange of the position
between zigzag and bearded edge states, of respectively,
s- and p-bands, the phase factor eika2 provides an extra
winding over the whole Brillouin zone, and gives rise to
an extra pair of edge state for all values of kx, in the
bearded edges of the p-bands.
One of the most distinctive features of Figs. 4 and 6 is
the observation of additional dispersive edge modes be-
tween the dispersive and the flat bands of the bulk. These
modes are present for all values of k‖ and for all the inves-
tigated types of edges. We can obtain analytical expres-
sion of the dispersive edge modes by looking for solutions
of the Hamiltonian which are exponentially decaying into
the bulk (ψ(x) ∼ e−x/ξ, ξ being the penetration length),
using the treatment described in Refs. [2, 32]. Applying
this method to zigzag and bearded edges, we find the
following eigenenergies for the edge modes [36]:
Ezigzagdisp.edge(k‖) = ±tL
√
3
2
√
2 + cos (
√
3k‖a) (7)
Ebeardeddisp.edge(k‖) = ±tL
√
3
2
√
5− 2 cos (√3k‖a)√
2− cos (√3k‖a)
. (8)
As evidenced in Fig. 6(c), dispersive edge states exist
also for armchair terminations, which do not contain any
edge modes in the case of regular electronic graphene.
The analytic calculation for the armchair edges requires
more elaborate treatments involving the use of more than
one penetration length, and goes beyond the scope of this
manuscript.
We can take advantage of our photonic simulator to ex-
plore the spatial distribution of these novel edge modes.
Figure 8 shows the real space emission from the photonic
simulator excited close to the armchair edge with a large
pump spot, 20 µm in diameter, allowing a clear visualiza-
tion of the edge wavefunctions. Three emission energies,
indicated by circles in Fig. 6(c), are shown, corresponding
to three different dispersive edge states.
For the lowest-energy dispersive edge state [Fig. 8(a)],
the emission is localized in the second to the last row of
micropillars, with a gradual decrease towards the bulk.
These features along with the lobe structure are well re-
produced by the plot of the tight-binding solution for
the edge state at the corresponding energy [kx = pi/(3a);
Fig. 8(d)]. Figure 8(b) shows the emission pattern for
the lowest-energy edge mode in the central gap. In this
case, the outermost pillars show the highest intensity, in
a pattern significantly different from the modes shown
in Figs. 8(a),(d). It is worth noting that in the experi-
ment, the energy of the emission is filtered with the use
of a spectrometer, but no particular in-plane momen-
tum is selected. Therefore, bulk modes contribute to
the emission at the energies studied in Figs. 8(a)-(c), ex-
plaining the differences with respect to the calculations
in Figs. 8(d)-(f), which show individual eigenfunctions.
Interestingly, the tight-binding calculations in Fig. 6(c)
reveal an additional edge mode within the bulk energy
band (green dot). When selecting the emission at the
highest energy of this mode, a structure localized in the
edge is observed. Even though this edge states are lo-
cated within the bulk energy band, the experiment and
tight-binding calculations shown in Fig. 8(c),(f) attest
the significant localization of these modes in the edge
region.
In summary, our results provide a detailed character-
ization of the zero-energy and dispersive orbital edge
states in excited bands of a photonic honeycomb lat-
tice. The zero-energy modes are well described using
5topological arguments based on the symmetries of the
bulk Hamiltonian. If any topological argument can be
applied to the dispersive edge modes is an intriguing
question. Our experiments and theoretical analysis pro-
vide insights into multi-mode lattice systems such as
transition metal dichalcogenides or mechanical lattices of
springs and masses, which have been predicted to show
similar dispersive edge modes [37, 38].
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6SUPPLEMENTARY MATERIAL
P-BANDS HAMILTONIAN FOR A
NANORIBBON
In the tight-binding calculations, we consider a p-
orbital honeycomb lattice in a nanoribbon geometry: an
infinite lattice in one direction and finite in the perpen-
dicular one, ending with the same type of boundary on
both sides. Ribbons with zigzag and bearded edges, in-
finite in the y-direction and finite in the x-direction, are
shown in Fig. 4(a, b). The ribbon with armchair ter-
minations is infinite in the x-direction and finite in the
y-direction, Fig. 4(c). In order to include the information
about the edges into the tight-binding Hamiltonian, we
take a unit cell dimer such that the whole nanoribbon,
with the specific type of the edge, can be reconstructed by
the translation of that dimer [13]. The unit cell dimers for
the three different nanoribbons in Fig. 4(a-c) are shown
in orange rectangles. The corresponding unit cell vec-
tors can be chosen in the following way (green arrows in
Fig. 4(a-c)):
bearded, armchair : u1 = a1,
u2 = a2,
zigzag : u1 = a1,
u2 = a1 − a2, (9)
where a1 = a( 32 ,
√
3
2 ) and a2 = a(
3
2 ,
−√3
2 ).
In the nearest neighbour approximation, the Hamilto-
nian is given by the factors f1, f2 and g [Eq.(1) in the
main text] which have the following form [16]:
f1 =
3
4
(eik·u1 + eik·u2),
f2 = 1 +
1
4
(eik·u1 + eik·u2),
g =
√
3
4
(eik·u1 − eik·u2), (10)
where u1 and u2 are given in Eq. (9) for the three types
of edges considered in the main text. The numerical fac-
tors in equations (10) arise from the |tL|  |tT | con-
dition, which accounts for the different overlap between
the p-orbitals projected along the directions parallel and
perpendicular to the link between the lattice sites.
DRIVEN DISSIPATIVE TIGHT-BINDING
SIMULATION
To understand the inhomogeneities that appear in the
measured far field intensity in Fig.1(e-f) in the main text,
we account the effect of photonic losses in the tight-
binding lattice. This can be simulated by a Schrödinger
equation of the form:
Bearded Armchair (a) (b) (c) 
   
   
   
   
   
   
   
   
   
   
  
Zigzag 
x 
y 
𝒂1− 𝑎2 
𝐮2 
𝐮1 𝐮2 
𝐮1 
𝐮2 
𝐮1 
𝐚2 
𝐚1 
FIG. 4. Geometry of the honeycomb lattice ribbons with (a)
zigzag, (b) bearded and (c) armchair edges, with the corre-
sponding unit cell dimers and unit cell vectors.
i~
∂
∂t
ψ =
(
H − iγ
2
)
ψ + Fpe
iωt, (11)
where, H is the tight-binding Hamiltonian, γ represents
the losses induced by the finite polariton lifetime, and Fp
is a resonant pump at frequency ω and spatially centered
on a single micropillar with a Gaussian envelope [? ].
We assume losses at a rate γ = 0.2tL for all lattice sites.
To simulate the bulk luminescence we place the coherent
pump Fp, with frequency ω, at the central site of the
ribbon, far from the edges. We search for the steady-state
solutions of Eq. (11). The time-independent amplitudes
Am,n and Bm,n of the A and B sublattice sites (see Fig. 7)
then satisfy a linear system of equations:
~
(
ω + i
γ
2
)
Am,n + tBm,n + tBm−1,n−1 + tBm−1,n+1 = f
(A)
m,n
~
(
ω + i
γ
2
)
Bm,n + tAm,n + tAm+1,n+1 + tAm+1,n−1 = f
(B)
m,n
(12)
where f (A/B)m,n is the spatial amplitude profile of the
pump on the A/B site of unit cell m,n. To reconstruct
the dispersion, the distribution obtained from the above
equations is Fourier transformed and the procedure is
repeated for different frequencies ω of the pump. Fig-
ure 5(a) shows the Fourier transformed intensity as a
function of ky for the value of kx = 4pi/3a for different
resonant pump frequencies. This result can be compared
to the experimental data in the Fig. 1(e) of the main
text, here replotted in Fig. 5(c). As we can see, the main
features of the experiment are well reproduced by the
simulation, including the destructive interference in the
upper dispersive band around ky = 0. This point crosses
a high symmetry direction along which odd real-space
eigenfunctions interfere destructively in the far field.
We perform a similar calculation with the excitation
spot placed at the edge with the zigzag boundary instead
of the central site of the lattice. The computed intensity
pattern is plotted in Fig. 5(b), which reproduces well the
experimental data in Fig. 5(d) [Fig. 1(f) in the main text]
excluding the polarisation effects, which are not taken
into account in this simulation.
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FIG. 5. (a-b) Momentum space distribution along the ky
direction for kx = 4pi/(3a) obtained from a driven-dissipative
tight-binding simulation when exciting the bulk (a) or the
edge (b) of a ribbon with zigzag terminations. (c-d) Measured
momentum-space luminescence for the same value of kx for
excitation in the bulk (c) and at the edge (b).
WINDING NUMBER
For a Hamiltonian of the form
(
0 Q†
Q 0
)
, where the
matrix Q is defined in the main text [Eq. (1)], the number
of pairs of zero-energy edge modes for a given value of k‖
parallel to the edge is given by the winding of the phase of
detQ along the direction perpendicular to the edge, the
winding number, as discussed in detail in Refs. [11–13]:
W(k‖) = 1
2pi
∫
BZ
∂φ (k)
∂k⊥
dk⊥, (13)
where φ = arg (detQ), k⊥ is the momentum directed
perpendicularly to the considered edge, and BZ indicates
a one-dimensional integral over the Brillouin zone. In
Fig. 6, we plot the phase φ, represented by the orientation
of the arrows at each point in k space, calculated for
zigzag and bearded terminations for the s- [arg (det fs)]
and p-states [arg (det fp)], where fs and fp are defined in
the main text.
NUMERICAL CALCULATION OF EDGE STATES
WAVEFUNCTION
Here we briefly discuss how Fig. 3 (d-f) of the main
text are numerically calculated. In order to obtain the
wavefunction localized at the armchair edge, we con-
sider a nanoribbon with an infinite length in x-direction
and a finite size in y-direction. We then diagonalize
ky/(2π/3√3a) 
     -2                  0                 2 
ky/(2π/3√3a) 
         -2                  0                  2                               
k
x
/(
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π
/3
a
) 
k
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a
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FIG. 6. Winding of the phase φ(k) for s-band graphene (top
row) and orbital p-band graphene (bottom rows). The wind-
ing number W(k‖) is indicated, k‖ being the direction of the
wave vector along the edge. The colored region is a rectangu-
lar Brillouin zone. In the pink regions, the winding number
W is even while it is odd in the green regions. Both in s-
and p-bands, the regions in momentum of existence of edge
states are complementary between the zigzag and bearded
edges. Additionally, they are complementary between s- and
p-bands for the same kind of edge. There is an additional
p-edge state at the bearded edge for all values of k‖, resulting
in an additional winding of the phase.
the nanoribbon Hamiltonian and find eigenstates corre-
sponding to the edge states indicated in Fig. 2(c) of
the main text. The obtained eigenstates are plane waves
in the parallel direction, with wavevector kx = −pi/3a,
+pi/3a, and 0 [Fig. 3 (d), (e), and (f), respectively] and
exponentially decaying in the perpendicular direction.
For each eigenstate, the wavefunction at each site has two
components corresponding to two orbital degrees of free-
dom. For concreteness, let the spinor (ψx, ψy) denote the
wavefunction of a site at the origin in basis of px and py
orbitals. In order to plot the wavefunction corresponding
to this spinor, we assume that the x-oriented basis state
is proportional to φx(x, y) ≡ x · e−(x2+y2)/2σ2 , where the
factor of x in front ensures that the state has the correct
odd parity of the px orbital state around x = 0 (center
of the pillar). The subsequent Gaussian has one free pa-
rameter σ, which determines the width of the state; we
use σ = 0.35a for all the calculations, which is chosen
so that the simulation resembles the experimentally ob-
served real space emission. Similarly, the y-oriented basis
state is chosen to be φy(x, y) ≡ y ·e−(x2+y2)/2σ2 . The real
space wavefunction corresponding to the spinor (ψx, ψy)
is ψxφx(x, y) + ψyφy(x, y). We construct the wavefunc-
tion of each lattice site with this method and superpose
8ts
ts
ts
FIG. 7. Graphene nanoribon with bearded edges
the wavefunctions from all lattice sites in the region of
interest to finally obtain the wavefunction corresponding
to the eigenstates, which are plotted in Fig. 3 (d-f).
ANALYTICAL EXPRESSIONS FOR THE
ENERGY OF THE DISPERSIVE EDGE STATES
To obtain the analytical expressions for the energy of
the dispersive, non-zero energy edge states in zigzag and
bearded edges we look for the exponentially decaying so-
lutions of the tight-binding Hamiltonian of a nanoribbon.
To illustrate the procedure we apply it first to the sim-
pler case of s-bands graphene [32]. The first step is to
reduce the two-dimensional problem of a nanoribbon to
an equivalent one-dimensional problem, that is, to reduce
our s-band honeycomb problem to the SSH problem. The
Hamiltonian of the nanoribbon in Fig. 7 is given by:
H = −ts
∑
m-n is even
(
a†m,nbm,n + a
†
m+1,n+1bm,n
+ a†m+1,n−2bm,n + h.c.
)
(14)
To solve the Schrödinger equation H |Ψ〉 = E |Ψ〉 we
expand the state |Ψ〉 in terms of the creation operators
as:
|Ψ〉 =
∑
m-n is even
(
Am,na
†
m,n +Bm,nb
†
m,n
)
|0〉 (15)
where |0〉 is the state without any particle in the sys-
tem. The coefficients Am,n and Bm,n represent the wave-
functions in A and B sublattices at the position (m,n).
Using this expression for |Ψ〉, the Schrödinger equation
implies the following relations for the coefficients Am,n
and Bm,n:
−ts(Bm,n −Bm−1,n−1 −Bm−1,n+1) = EAm,n
−ts(Am,n −Am+1,n+1 −Am+1,n−1) = EBm,n. (16)
For a nanoribbon with bearded or zigzag edge the sys-
tem is periodic (or infinitely long) along the y-direction.
That means that we can expand the wavefunctions in
terms of the plane wave in y-direction, i.e., we replace
the wavefunctions in (16) by:
Am,n = e
i
√
3
2 akynAm Bm,n = e
i
√
3
2 akynBm (17)
In this way we obtain the equations:
−ts(Bm − (e−i
√
3
2 aky + ei
√
3
2 aky )Bm−1) = EAm
−ts(Am − (e−i
√
3
2 aky + ei
√
3
2 aky )Am+1) = EBm (18)
If we define α ≡ (e−i
√
3
2 aky + ei
√
3
2 aky ) = 2 cos(
√
3
2 aky)
these equations can be written as :
−ts

. . .
0 1 0 0 0 0
1 0 α 0 0 0
0 α 0 1 0 0
0 0 1 0 α 0
0 0 0 α 0 1
0 0 0 0 1 0
. . .


...
Am−1
Bm−1
Am
Bm
Am+1
Bm+1
...

= E

...
Am−1
Bm−1
Am
Bm
Am+1
Bm+1
...

(19)
This set of equations has the same form as the
Schrödinger equation describing a one dimensional chain
with staggered hopping amplitudes (the so-called SSH
model). The hopping amplitude within the unit cell
dimer, ts, is the same as the one in the honeycomb lattice
in Fig. 8. The effective hopping amplitude between adja-
cent unit cell dimers in the chain is αts. The Hamiltonian
of the system is given by the matrix on the left-hand side
of the Eq. (19). The difference between bearded and
zigzag case is that, to calculate the bearded edge, one
starts from the A sublattice and ends at the B sublat-
tice. For the zigzag, one starts from the B sublattice and
ends at the A sublattice.
Now, we search for eigenvalues of this Hamiltonian cor-
responding to eigenfunctions which are exponentially de-
caying into the bulk: |AM | = |A0|e
−3a
2ξ M ≡ |A0||Ω|M .
Here A0 is the amplitude of the wavefunction on the first
site of the chain, M counts the number of unit cells from
the edge and ξ is the penetration length. In order to
have a decaying wavefunction, we need to have |Ω| < 1.
Analogue expressions can be written for the B sites. Fig-
ure 8 shows bearded and zigzag ribbons and the equiv-
alent 1D chains, with corresponding hopping and wave-
function amplitudes for the edge states.
After imposing the exponentially decaying solution to
the problem, the Schrödinger equation for bearded edges
9has the form:
−ts

0 1 0 0 0 0
1 0 α 0 0 0
0 α 0 1 0 0
0 0 1 0 α 0
0 0 0 α 0 1
0 0 0 0 1 0
. . .


A0
B0
A0Ω
B0Ω
A0Ω
2
B0Ω
2
...

= E

A0
B0
A0Ω
B0Ω
A0Ω
2
B0Ω
2
...

(20)
This system of equations has four unknowns: A0, B0,Ω
and E. However, we can normalize the wavefunction to
the amplitude A0 of the outermost site. Therefore we
have only three unknowns left. They can be found by
taking the first three equations from the set of equa-
tions (20):
A0 = tsB0
B0 = tsA0(1 + αΩ)
A0Ω = tsB0(α+ Ω) (21)
All the other equations contained in Eq.(20) are equiv-
alent to the set (21). Using the condition |Ω| < 1 we
obtain the regions in momentum space where the zero
energy edge states exist, Ref. [32]. For the bearded edge
we have B0 = 0 and:
Ω =
−1
α
=
−1
2 cos(
√
3
2 aky)
2| cos
√
3
2
aky| > 1
(22)
corresponding to the region marked in green in the upper-
right panel of Fig. 6.
To obtain expressions for the energies of the dispersive
edge states in the p-bands we follow the same procedure.
In this case, due to the existence of two modes per site,
the reduction to the 1D problem involves two coupled
chains corresponding to the px and py orbitals on each
lattice site. Figure 9 shows the hopping amplitudes cor-
responding to a ribbon with zigzag edges.
We search again for exponentially decreasing solutions
of the form |AMx| = |A0x||Ω|M with |Ω| < 1 (equiva-
lently for |AMy|, |BMx|, |BMy|). Now we have six un-
known variables A0x, A0y, B0x, B0y,Ω, E or five after we
normalize them to B0y. By taking the first five linear
equations of the the Schrödinger problem, we get the set
of coupled equations:
s-band bearded s-band zigzag
Equivalent problems:
𝛼t
(a)
(b)
A B BA
𝛼t
t
t
t
tt
0A 0B 0A 0B
𝛼t
0B 0A 0B 0A
FIG. 8. (a) s-bands honeycomb lattice nanoribbons with
bearded and zigzag edges (b) Equivalent dimer chains. Hop-
ping amplitudes are given on the links between the chain sites,
and amplitudes of the edge states wave functions below the
chain sites.
p-band zigzag 
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FIG. 9. Amplitudes of the wave function for zigzag nanorib-
bon in the p-band: the problem is reduced to two coupled
dimer chains.The hopping amplitudes are given on the links
between the chain sites.
B0y = tL(γA0x + αA0y)
B0x = tL(3αA0x + γA0y)
A0x = tL(3αB0x + γ
∗B0y)
A0y = tL(αB0y + γ
∗B0x + ΩB0y)
B0yΩ = tL(A0y + αA0yΩ + γA0xΩ) (23)
The energy of the dispersive edge state in the zigzag
edge is obtained by solving Eqs. (23) and is given by:
Ezigdisp.edge(k‖) = ±tL
√
3
2
√
2 + cos (
√
3k‖a). (24)
The penetration length ξ can be easily obtained:
Ω = cos(
√
3
2
k‖a) (25)
ξ = − 3a
2 ln
[
cos(
√
3
2 k‖a)
] .
The amplitudes of the dispersive edge states eigenfunc-
10
tions on the unit cell located at the edge are:
A0x = ∓ i
sin(
√
3
2 k‖a)
√
cos(
√
3
2
k‖a) + 2 , A0y = 0
B0x = −i
√
3 cot(
√
3
2
k‖a) , B0y = 1
(26)
where ∓ for the A0x coefficient applies, respectively, to
the positive/negative energy dispersive states.
Similar expressions describing the energy of the dis-
persive edge state in bearded edges [Eq.(8) in the main
text], can be found in the same way.
